Abstract. We consider the multi-vehicle one-to-one pickup and delivery problem with split loads, a NP-hard problem linked with a variety of applications for bulk product transportation, bike-sharing systems and inventory re-balancing. This problem is notoriously difficult due to the interaction of two challenging vehicle routing attributes, "pickups and deliveries" and "split deliveries". This possibly leads to optimal solutions of a size that grows exponentially with the instance size, containing multiple visits per customer pair, even in the same route. To solve this problem, we propose an iterated local search metaheuristic as well as a branch-andprice algorithm. The core of the metaheuristic consists of a new large neighborhood search, which reduces the problem of finding the best insertion combination of a pickup and delivery pair into a route (with possible splits) to a resource-constrained shortest path and knapsack problem. Similarly, the branch-and-price algorithm uses sophisticated labeling techniques, route relaxations, pre-processing and branching rules for an efficient resolution. Our computational experiments on classical single-vehicle instances demonstrate the excellent performance of the metaheuristic, which produces new best known solutions for 92 out of 93 test instances, and outperforms all previous algorithms. Experimental results on new multi-vehicle instances with distance constraints are also reported. The branch-and-price algorithm produces optimal solutions for instances with up to 20 pickup-and-delivery pairs, and very accurate solutions are found by the metaheuristic.
Introduction
The classical vehicle routing problem (VRP) aims to find minimum-distance itineraries to service a set of geographically distributed customers with a fleet of vehicles, in such a way that each customer is visited once and the capacity of each vehicle is respected. This important combinatorial optimization problem has been the focus of extensive research since the 1960's (Laporte 2009 , Vidal et al. 2013 , Laporte et al. 2014 . Over the years, the classical version of the problem has been increasingly-well solved, but as new applications are discovered, many additional constraints, objectives, and other decision subsets, called "attributes" in Vidal et al. (2013) , are combined with the classical problem, leading to new challenges.
A classical restriction of the VRP is that each delivery is done in one block by a single vehicle. Dror and Trudeau (1989) raised this restriction, allowing the total demand of a customer to be served during several visits, leading to the split delivery vehicle routing problem (SDVRP). At first, one might think that allowing split deliveries results in increased costs since more visits may be performed. Yet, this relaxation leads to a larger set of solutions, possibly opening the way to lower costs. The SDVRP is known to be notoriously more difficult to solve than the classical VRP from an exact method standpoint, and requires more sophisticated classes of neighborhoods to be adequately solved via metaheuristics (Silva et al. 2015) .
In the meantime, another VRP variant has drawn considerable attention over the years: the one-to-one pickup and delivery (PDP) problem, which requires to perform each service as a pair, in such a way that each pickup precedes its associated delivery in the same route. We refer to Berbeglia et al. (2007) and Parragh et al. (2008) for a detailed survey on pickup and delivery problems. Once again, an essential ingredient of state-of-the-art heuristics for this problem is the efficient exploration of a variety of neighbor solutions during the search, a task which tends to be more complex when pairs of deliveries are relocated or exchanged instead of single visits.
As both "pickups and deliveries" and "split deliveries" attributes require sophisticated search techniques, combining them into one vehicle routing variant poses significant methodological challenges, thus partly explaining the reduced number of methods proposed for the multi-vehicle one-to-one pickup and delivery problem with split loads (MPDPSL) despite its practical relevance.
To this date, two main articles have considered this variant. Nowak et al. (2008) presented a practical application faced by a logistic company which provides outsourced services. Then, Şahin et al. (2013) solved this problem for the transportation of bulk products by ship. In this later case, each load is already packaged into multiple containers, and mail services collect and deliver multiple packets between origin and destination pairs. Finally, this problem is of high relevance in many other application contexts involving pickups and deliveries of divisible products, e.g., inventory between supermarkets (Hartl and Romauch 2016), or bike repositioning for self-sharing bike sharing systems (Chemla et al. 2013) .
Note that, despite the description of a multi-vehicle algorithm in Şahin et al. (2013) , all previous experimental analyses have been restricted to single-vehicle cases. Indeed, the existing instances did not contain resource constraints on routes (e.g., distance or time), and the depot does not intervene as a replenishment facility in a one-to-one PDP. When the triangle inequality holds, it is never necessary or profitable to return to the depot, such that the search can be limited to single-vehicle solutions without compromising solution quality.
In this paper, we pursue the research on this difficult problem, by proposing new heuristic and exact solution approaches, along with experimental analyses on distance-constrained multi-vehicle benchmark instances. More precisely, we introduce a hybrid metaheuristic based on iterated local search (ILS) with random variable neighborhood descent (RVND), which incorporates classical neighborhoods and perturbation procedures with new larger dynamic programmingbased neighborhoods for joint service reinsertions and optimization of split loads. This method will be called ILS-PDSL (ILS for pickup-and-delivery problems with split loads). Moreover, we propose the first efficient branch-and-price algorithm for the MPDPSL. The method exploits problem-tailored route relaxations, pricing algorithms, pre-processing techniques and branching rules, allowing to solve problem instances with up to 20 pickup-and-delivery pairs. As such, the key contributions of this work are:
1. Efficient heuristic and exact solutions approaches for the MPDPSL; 2. new dynamic programming based neighborhoods for split pickup-and-delivery problems; 3. new state-of-the-art results for single-vehicle benchmark instances; and finally, 4. experimental analyses on new multi-vehicle benchmark instances.
Problem statement
Consider a graph G = (V, E), where V = P ∪ D ∪ {0, 2n + 1} includes the vertices associated with n pickup and delivery (p-d) pairs of customers as well as the vertices {0, 2n+1}, representing the initial and final depots locations. The set P = {1, 2, . . . , n} represents the pickup customers, while the set D = {n+1, . . . , 2n} represents the corresponding delivery customers. Each service i consists of a pickup customer i ∈ P and a delivery customer (n + i) ∈ D. A positive demand q i > 0 is associated with each pickup customer i ∈ P , and a negative demand, q n+i = −q i , is associated with the corresponding delivery customer (n + i) ∈ D. Each edge (i, j) ∈ E represents the possibility of traveling from a vertex i ∈ V to a vertex j ∈ V with a distance cost d ij .
A homogeneous fleet of m vehicles with capacity limit Q is available to perform the services.
Any vehicle arriving at a pickup vertex can collect all available load, or only a part of it. When a vehicle arrives at a delivery vertex, all load from this vehicle intended for this customer is delivered. As in previous works, we assume that q i ≤ Q for all services i. Moreover, we impose in this paper a maximum travel distance L for each vehicle.
The objective of the MPDPSL is to design a set of up to m routes, starting and ending at the depot, with minimum travel distance, in such a way that the complete demand of each pickup and delivery is satisfied, the route distance limit is respected as well as vehicle capacities, and each pickup precedes its delivery in the same route.
We adopt the same definition of a split load as in the SDVRP literature: a split load occurs when the demand of a customer is serviced by a larger number of trips than the minimum necessary. Figure 1 illustrates a feasible MPDPSL solution for an instance with seven p-d pairs served by two vehicles. In this example, the service of the pair (5,12) is split among two routes, and each vehicle carries a fraction of the demand associated to this service. Note that the previous example is not the only situation in which a split load can occur.
The MPDPSL is notably different from the SDVRP as more than one split load can occur in the same route in an optimal solution. The solution size can also increase significantly and become, in some cases, exponential as a function of the input size. An illustrative example of such a situation is presented in Figure 2 . This example includes two p-d pairs, (1,3) and (2,4), with one vehicle of capacity Q = 100 and distance limit L = ∞. Customer 1 wishes to transfer 99 load units to customer 3, while customer 2 wishes to transfer 100 load units to customer 4. The distance between customers 2 and 4 is small (d 24 = d 42 = ).
The optimal solution for this problem instance contains a single tour, which -visits customer 1 and collects its full load (99 units), then -visits customer 2 to collect one unit of load and delivers it to customer 4; -repeats the previous operation 99 additional times, -delivers the load of customer 3 (99 units), and returns to the depot. This optimal solution performs 202 customer visits instead of 4 for the same problem without split loads. Of course, this is an extreme case of the classical MPDPSL, as in practical applications a base service time may be counted (e.g., as part of the travel distance), hence increasing d 24 . Nevertheless, a good heuristic should be able to find multiple split loads, since these situations can naturally occur. 
Related literature
The PDP and SDVRP have been the focus of extensive work, counting hundreds of scientific articles. We refer to Archetti and Speranza (2012), Battarra et al. (2014) , Doerner and SalazarGonzález (2014) and Irnich et al. (2014) for detailed surveys. Among the current state-of-the-art methods for PDP, we can highlight, in particular, the adaptive large neighborhood search (ALNS) of Ropke and Pisinger (2006) , which iteratively improves an incumbent solution by means of repeated destruction and reconstruction steps, and the hybrid genetic algorithm of Nagata and Kobayashi (2011) based on a selective route exchange crossover with efficient local searches, producing to this date the best results for PDP instances with time constraints. ALNS has been subsequently extended to a wide range of VRP variants with great success.
For the SDVRP, the current state-of-the-art results are obtained by the multi-start ILS-RVND metaheuristic of Silva et al. (2015) . This method exploits a wide collection of construction techniques and neighborhoods for solution improvement, as well as a perturbation strategy which operates multiple random k-Split moves. Finally, Chen et al. (2017) proposed an a-priori Split strategy, in which customer's demands are split in advance, and a capacitated VRP (CVRP) solver is subsequently used. This simple approach leads to solutions of fair quality and leverage decades of CVRP research.
In contrast, very few articles have considered the combination of both attributes in a single problem. To our knowledge, Mitra (2005) first considered a problem related to the PDPSL, but with simultaneous pickups and deliveries instead of one-to-one requests. The objective seeks to minimize the fleet size and then the distance. The authors propose a mixed integer programming (MIP) formulation for this problem and a route construction heuristic, which firstly determines the minimum number of vehicles required, and then builds routes based on a cheapest insertion criterion. An additional MIP formulation and an extension of this heuristic, using parallel clustering, are proposed in Mitra (2008) . Nowak et al. (2008) evaluate the benefits of allowing split loads in the one-to-one PDP, hence defining the PDPSL. The objective of the PDPSL is to find a single route with minimum cost, fulfilling the required demand. A heuristic based on simulated annealing and tabu search is developed and random large-scale instances are created. The authors observe that the benefits of split loads are closely linked to three characteristics of the instances: the load size, the cost associated with the pickup or delivery, and the percentage of loads which have pickup and delivery locations in common. They also show that, for a given set of origins and destinations, the greatest benefits are observed when the load size is greater than half the capacity of the vehicle. A variant of the problem addressed in Nowak et al. (2008) can be found in Thangiah et al. (2007) , with additional time-window constraints. This work describes an algorithm that inserts shipments into vehicles using multiple-insertion heuristics for static and real-time test cases. Nowak et al. (2009) perform an additional empirical analysis of the heuristic presented in Nowak et al. (2008) . The authors note that when demands are between 51% and 60% of the capacity of the vehicle, up to 30% transportation costs can be saved. The potential savings due to split loads depends on the percentage of loads to be collected or delivered in a common location, and the average distance from an origin to a destination relative to the distance from origin to origin and destination to destination. Şahin et al. (2013) consider the PDPSL with multiple vehicles and distance constraints and formally define the MPDPSL. The authors develop a heuristic based on tabu search and simulated annealing. The initial solution is built using a variant of the savings algorithm by Clarke and Wright (1964) , and then improved by local searches based on swap and insert/split neighborhoods. The simulated annealing is then used in combination with a tabu list to control move acceptance. Experiments are conducted on the instances from Nowak et al. (2008) , as well as adapted instances from Ropke and Pisinger (2006) . However, since no distance limits are imposed to the vehicles, it is always better to use a single route, such that these instances cannot be viewed as multi-vehicle test cases. visits of an optimal solution may grow exponentially with the size of the instance. To overcome this issue, we propose a branch-and-price algorithm, such that the inherent complexity related to multiple split deliveries within the same route is relegated into the labeling algorithm used for column generation. This allows to generate the first known optimal solutions for the MPDPSL without any restriction on the number of visits.
Exact Solution Approach
This section first introduces a set partitioning formulation of the MPDPSL (Section 4.1), and then describes the column generation procedure (Section 4.2), and the branch-and-price algorithm (Section 4.3) designed to solve this problem to optimality.
Mathematical Formulation
The mathematical formulation used is an adaptation of the well-known set partitioning formulation, which is extensively used in successful exact approaches for vehicle routing problems. It considers the set of all feasible routes Ω and binary variables λ r , representing whether route r ∈ Ω is used in the solution. In contrast with most other vehicle routing problems, set Ω naturally contains non-elementary routes, i.e., routes visiting vertices more than once due to split deliveries. In any route r ∈ Ω, the precedence and capacity constraints should be respected, and the total amount serviced for any p-d pair must not exceed its demand.
subject to
The Objective Function (1) minimizes the total cost of the solution. Givenq ri as the total amount of the p-d pair (i, n + i) demand serviced by route r, Constraints (2) guarantee that all demands of all p-d pairs are satisfied. Constraints (3) are the variable bounds constraints.
Clearly, set Ω contains an exponential number of routes, and the above formulation cannot be solved by considering all variables. Therefore, a column generation approach is required to efficiently solve it, as presented in the next section.
Column Generation
Since the MPDPSL combines features of both pickup-and-delivery and split delivery problems, our Column Generation (CG) algorithm is first built upon an algorithm for the PDP with time windows (PDPTW), as the one presented in Ropke and Cordeau (2009) , and then extended to consider split loads. The algorithm may generate routes considering all possible loads for all p-d pairs visited, under the condition that they respect the precedence constraints and the maximum travel distance L.
The CG starts with no routes and iteratively generates feasible ones by solving a pricing subproblem algorithm. Given that with no routes, the formulation of Section 4.1 would become infeasible, we introduce one artificial variable for each constraint and solve a two-phase CG, following the same idea as the two-phase Simplex algorithm. At each iteration, the pricing subproblem must find one or more variables with negative reduced cost. Given β i , the dual variables of Constraints (2), the reduced cost of a route can be calculated asd r = d r − i∈P β iqri .
The dual variable β i is only counted when the route visits a pickup vertex, and it is multiplied by the total amount of demand loaded in this pickup vertex. Therefore, we can write the reduced cost of an edge (i, j) ∈ E, i ∈ V, j ∈ P that loads an amount q of vertex j's demand as
On the other hand, the amount of demand unloaded on a delivery vertex does not imply any change on the route's reduced cost. For this reason, we define the reduced cost of an edge (i, j) ∈ E, i ∈ V, j ∈ D simply asd ij = d ij .
A partial path (i, d, Q, q) is a non-elementary path that starts at the depot, visits a subset of vertices and ends in vertex i servicing q units of its demand with total travel distance d. Vector Q contains the load of all opened p-d pairs. It also allows to know which delivery vertices must be visited in the future, and the current total load in the vehicle.
Note that the definition of partial paths allows infeasible routes with excess demand for some p-d pairs. This relaxation is used to facilitate the resolution of the pricing subproblem.
Moreover, infeasible routes will anyway be excluded in any integer solution of the formulation thanks to Constraints (2).
The pricing subproblem is a Resource-Constrained Shortest Path Problem solved by a dynamic programming algorithm that works on a state-space graph G = (V, E),
The recursion can then be written as:
In order to reduce the number of states, we use the following dominance rule.
Note that (iv) assures the total load on partial path (i, d, Q, q) to be less than the one on partial path (j, d , Q , q ). Moreover, this condition is only valid if the reduced costs respect the Delivery Triangle Inequality (DTI) (Ropke and Cordeau 2009 ). An MPDPSL cost matrix is said to respect the DTI if
q ij will also respect the DTI based on the definition previously presented. We apply three additional techniques to improve the CG algorithm. First, we use the dual stabilization procedure proposed in Pessoa et al. (2010) . At each CG iteration, let β be the dual solution of the previous iteration and let α ∈ [0, 1[ be the dual stabilization parameter. The CG uses a composition of the current and the previous dual solution calculated asβ = αβ + (1 − α)β.
Parameter α starts with a positive value, and each time the pricing subproblem returns a route with positive reduced cost, α is reduced until it reaches zero, thus concluding the dual stabilization procedure.
Moreover, we use a succession of heuristic pricing algorithms to save computational effort.
We first execute a version of the dynamic programming that limits the number of partial paths stored for each i ∈ V, 0 ≤ d ≤ L by one. When this simple heuristic fails, we call the exact pricing relaxing Condition (iv) of the dominance rule and sequentially limiting the number of partial paths stored for each i ∈ V, 0 ≤ d ≤ L by {3, 10, 100, ∞}. When no route is found with no limitation on the number of partial paths, we restore Condition (iv) and repeat the procedure.
Finally, we use pre-processing to identify forbidden extensions due to the travel distance limit. For each 0 ≤ d ≤ L, we forbid an extension from vertex i to vertex j based on the following rules:
This is an extension of the rules created by Dumas et al. (1991) for the PDPTW, adapted to consider the travel distance limit.
Branch-and-Price
Branch-and-Price (B&P) is the name given when a CG algorithm is used on each node of a branch-and-bound procedure to obtain an optimal integer solution. After the solution of a node, a fractional variable (or a set of variables) is chosen and two or more branches are created by introducing constraints to cut the fractional value. When solving a B&P, the branching rules must be carefully chosen, otherwise the CG algorithm may price the same variable again. For this reason, the branching rules used within a B&P are usually on "original variables", i.e., variables from an edge-flow formulation.
Our B&P uses four branching rules. The first one considers the number of vehicles used in the solution. It can be calculated as r∈Ω λ r . The second branching rule is done on the degree of each vertex. Givenā ri , the number of times route r visits pickup i ∈ P , the degree can be calculated as e∈Ωā ri λ r , ∀i ∈ P . The third one is done on the edges of the original graph.
Givenb re , the number of times route r traverses edge e ∈ E, regardless of the load, it can be calculated as r∈Ωb re λ r , ∀e = (i, j) ∈ E. Finally, the algorithm also considers a branching rule on the number of times an edge e = (i, j) is traversed when loading (or unloading)q i units of demand on vertex i ∈ V and loading (or unloading)q j units of demand on vertex j ∈ V .
Each constraint added to the master formulation generates a new dual variable, which must be considered by the pricing subproblem to calculate the reduced cost of the routes. It is not a difficult task to associate the new dual variables to the edges' reduced cost. However, while the first two branching rules do not violate the DTI, the last two may change the reduced cost matrix in this sense. To overcome this issue, we apply the fix proposed by Ropke and Cordeau (2009) . The remaining components of the B&P are classical in the routing literature. The branching rules are used in order, at each iteration the algorithm chooses the most fractional value, and the nodes are explored using the best-first strategy.
Large Neighborhood-Based Metaheuristic
As noted in Section 3, notably few heuristics have been designed for the MPDPSL, and these methods were evaluated on benchmark instances that only require the use of a single vehicle.
Moreover, even the sophisticated B&P algorithm described in Section 4 is limited to instances of small and medium sizes. To solve larger test cases, we design a simple and efficient metaheuristic for the MPDPSL, based on a new exponential-size neighborhood, and investigate its performance on distance-constrained benchmark instances that require multiple vehicles.
The proposed ILS-PDSL is built around a very simple search scheme which consists, as in the classical ILS metaheuristic, of iteratively improving a solution via neighborhood searches until reaching a local minimum, and then applying a perturbation operator to escape. This process is repeated until a termination criterion (a time limit in our case) is attained. The general pseudo-code of the method is displayed in Algorithm 1.
// Perturbation to prepare for next iteration Return s best Algorithm 1: ILS-PDSL Despite its apparent simplicity, the proposed metaheuristic differs from traditional ILS due to the nature of the neighborhoods used for solution improvement. Instead of relying on local search, it exploits a two-phase improvement method. The first phase is a randomized variable neighborhood descent (RVND), which explores a variety of neighborhoods in random order, and the second phase is a search in a new exponential-size neighborhood, called resource-constrained shortest path insertion (RCSP-insertion), which allows to optimally split and re-insert each pickup and delivery. Finally, our perturbation operator is always applied on the current best solution in an effort to direct the search on more promising regions of the search space.
The remainder of this section details each component of the algorithm, starting with the construction of the initial solution (Section 5.1), the RVND procedure (Section 5.2), the RCSPinsertion operator (Section 5.3), and finally the perturbation mechanism (Section 5.4). With the exception of the exponential-size neighborhood search performed in RCSP-insertion, these procedures are relatively simple and classic, leading to a high-performance algorithm which can be easily reproduced.
Initial solution
The initial solution s is produced by a greedy constructive heuristic. Iteratively, this heuristic computes for each pickup customer i its best feasible insertion position, with minimum increase of distance. The pickup customer i with the shortest distance increase is inserted at each iteration, and the corresponding delivery (n + i) is added in its best feasible position after i. At this stage, the method only considers the insertion of full deliveries. Moreover, only feasible insertions in terms of load capacity and distance constraints are enumerated, and a new route is created if no such position exists.
Randomized variable neighborhood descent
We first recall the concept of block (Cassani and Righini 2004) , which is needed to describe some neighborhoods. A block B i is defined as a sequence of consecutive visits that starts at a pickup customer i and ends at the corresponding delivery customer (n + i). A block B i is a simple block if there is no customer between i and (n + i). A block B i is a compound block when there is at least one block B j ∈ B i such that Π(i) < Π(j) < Π(n + j) < Π(n + i), where Π(i) is the position of the customer i in the route. It is noteworthy that a compound block cannot contain a pickup customer without its corresponding delivery customer and vice versa.
As in the RVND of Souza et al. (2010) and Subramanian et al. (2010) , there is no predefined order for the neighborhoods, that is, before every execution of the local search, a new neighborhood order is randomly chosen. Each neighborhood is defined relatively to one type of move, which can be applied on different p-d pairs and routes. Each neighborhood is evaluated exhaustively, considering the moves in random order of p-d pairs, and applying the first improving move. After each improvement, the search restarts from the first neighborhood structure. Otherwise, the search continues on the next neighborhood structure and finishes when all the neighborhoods have been examined without success. Our RVND uses simple extensions of known enumerative neighborhoods for vehicle routing and pickup-and-delivery problems, which are listed in the following. Neighborhoods N (1) , N (2) , N (5) , and N (6) can be traced back to Cassani and Righini (2004) .
Intra-route neighborhood structures:
N (1) -PairSwap considers two pairs of customers (i, n + i) and (j, n + j) and swaps the pickup customer i with the pickup customer j, as well as the delivery customer (n + i) with the delivery customer (n + j). Inter-route neighborhood structures: N (7) -InterPairSwap selects a pair of customers (i, n + i) from a route r 1 and another pair (j, n + j) from a route r 2 and swaps the pickup customer i with the pickup customer j.
The delivery customer (n + i) is swapped with the delivery customer (n + j). Finally, we rely on the following theorem to perform a post-optimization after each local search:
Theorem 1 (Şahin et al. 2013) . If the distance matrix satisfies the triangle inequality, then there exists an optimal solution of the MPDPSL such that between each visit to a pickup customer i and its corresponding delivery (n + i) no other pickups or deliveries of this same p-d pair occur.
As such, we scan the solution and search for visits to the same p-d pair (i, n + i) appearing in the order i → i → n + i → n + i in a route (with possible visits to other customers in-between).
If this situation occurs, the two visits can be merged as one single visit while maintaining feasibility and improving the total distance. There are 2 × 2 possibilities for insertion of the merged p-d in place of the previous services, and the best one in terms of distance is chosen.
RCSP-insertion neighborhood
The improvement procedure of the previous section relies on the enumeration of many possible moves to produce improved solutions. However, we know that MPDPSL solutions can include an arbitrarily large number of visits to the same p-d pair (as illustrated in Figure 2 ). Enumerating all possible combinations of splits and placements of visits would take an exponential time. For this reason, previous methods adopted strategies which limit the number of split loads (Nowak et al. 2008 (Nowak et al. , Şahin et al. 2013 . To address this issue, we propose a larger (exponential-size) neighborhood, which seeks to optimize the split loads and can be efficiently explored via dynamic programming.
In the proposed RCSP-insertion neighborhood, the problem of finding the best reinsertion of each pickup and delivery pair, with possible split loads, is addressed as a resource-constrained shortest path problem (RCSP) in a directed acyclic graph followed by a knapsack problem. This optimization is conducted once for each p-d pair, considering the pairs in random order. For each p-d pair (x, n + x), the method works as follows:
-Remove all occurrences of x and n + x from all routes.
-Phase 1: For each route σ, evaluate the possible insertions and combinations of insertions of the p-d pair (x, n + x) via dynamic programming (RCSP), therefore characterizing all non-dominated trade-offs between the extra travel distance and the quantity of load picked-up from x and delivered to n + x.
-Phase 2: Based on the known trade-offs (labels) for each route, find the best combination of insertions in all routes in order to fulfill the total demand q x . This selection can be done by solving a variant of the knapsack problem.
Phase 1: Evaluation of non-dominated insertions for each route. Consider a route σ = (σ 1 , . . . , σ n(σ) ), in which each element represents a visit to a depot, pickup or delivery node.
This phase aims to evaluate the minimum additional distance incurred when inserting visits to the p-d pair (x, n + x) in the route σ, in order to service any demand quantity q in the interval [0, q x ]. Trade-offs between distance and delivery quantity can be found by solving a resource-constrained shortest path problem in a directed acyclic graph H = (V , A), illustrated in Figure 3 and defined in the following. The node set V is divided into two groups of nodes, V = V route ∪ V insert :
-V route = {v 1 , . . . , v n(σ) } contains one node per (depot or customer) visit in the route. 
Finally, the arcs in A load (solid arrows in Figure 3 ) correspond to trips which carry some load of x. The following cases should be distinguished.
This arc corresponds to a direct travel between x and n + x. It is characterized by a distance δ dist a = d x,n+x and a load δ load a = Q − i k=1 q σ k , which corresponds to the free capacity in the vehicle after client σ i .
-Indirect pickup-delivery arc: a = (v p i , v d j ) with i < j. This arc corresponds to a trip segment starting at the pickup location x, serving the locations (σ i+1 , σ i+2 , . . . , σ j ), and ending at the delivery location n + x. Following the same principles as previously,
In this equation, δ load a represents the smallest amount of free capacity in the vehicle at any point of the trip between σ i and σ j .
-Indirect delivery-delivery arc:
This arc corresponds to a trip segment starting at the delivery location n + x, returning to the pickup location x, serving the locations (σ i+1 , σ i+2 , . . . , σ j ), and ending at the delivery location n + x. As such,
After the construction of the graph H, the RCSP between v 1 and v n(σ) is obtained by means of a simple variant of Bellman's algorithm. The algorithm computes for each vertex v ∈ V , in topological order, a set of labels S v = {s vk | k ∈ {1, . . . , |S v |}} in which each label
is characterized by a distance s dist vk and a load s load vk transferred from x to n + x. Starting at the depot with S v 1 = {(0, 0)}, the labels are iteratively propagated as follows:
Non-dominated labels are eliminated at each step. A label s vk is dominated by a label s vk if s dist vk ≥ s dist vk and min{s load vk , q x } ≤ min{s load vk , q x }. Moreover, a completion bound is used to eliminate additional labels: for any v i ∈ V route , any label s v i k that covers the total demand of the client x (such that s load v i k ≥ q x ) leads to a distance bound of s dist
. The best distance bound is updated during the search, and any label whose distance exceeds this bound can be pruned.
For each route σ, the set of non-dominated labels S(σ) = S v n(σ) is stored at the end of the algorithm. For single-vehicle problem instances, the best combination of insertions of visits to the p-d pair (x, n + x) corresponds to the single non-dominated label s ∈ S(σ) such that s load ≥ q x . In cases involving multiple vehicles, the best visits for the p-d pair (x, n + x) can be distributed into multiple routes. As described in the following, the best combination of insertions can be found by solving a knapsack problem based on the labels S(σ) for each route σ.
Phase 2: Combination of insertions in multiple vehicles. In the presence of multiple vehicles, the algorithm searches for a good combination of insertions in different routes in order to cover the total demand. This problem can be formulated as a knapsack problem with an additional constraint that limits the selection to one label at most in each route. Let C σ be the distance of a route σ before the insertion of any visit to the p-d pair (x, n + x). Each label s σj ∈ S(σ) corresponds to a detour cost of s dist σj − C σ , to deliver a load quantity s load σj from the pickup x to the delivery n + x. We thus define a binary decision variable y σj , equal to 1 if and only if the label s σj is selected. This leads to the optimization problem of Equations (6-9). min σ∈R s σj ∈S(σ)
s σj ∈S(σ)
This formulation is identical to the one used in Boudia et al. (2007) for the SDVRP. At this stage, the challenges specific to the MPDPSL have already been relegated to the determination of the labels (s dist σj ,s load σj ); a task which could not be done by inspection in O(n), but instead required a pseudo-polynomial search algorithm (Phase 1) to produce non-dominated pairs of insertion positions -as well as combinations of insertion positions-within each route.
To solve Equations (6-9), we tested different exact techniques, either based on dynamic programming or integer programming. In our experiments, these methods led to a significant computational-time overhead. Similarly to Boudia et al. (2007) , we thus opted for a heuristic resolution, using a greedy heuristic which iteratively selects the label s σj with maximum ratio s load σj /(s dist σj − C σ ). In our experiments, this heuristic matches in 69% of the cases the optimal result. Finally, the best visit insertions are performed, forming the new incumbent solution in the algorithm.
Perturbation mechanism
The last component of ILS-PDSL, the perturbation mechanism, is designed to escape from the local minimums of the previous neighborhood improvement procedures. It relocates n pert random p-d pairs from their original routes to new random positions, inserting both pickup and deliveries consecutively. The number of pairs n pert to be relocated, which determines the strength of the perturbation, is randomly selected in {1, 2, ..., p max } with uniform distribution.
As such, p max is a method parameter which establishes a maximum limit on the impact of the perturbation.
Computational results
Our computational experiments have been conducted on the two existing sets of PDPSL instances from previous literature, as well as new MPDPSL instances. The first set originates from Nowak et al. (2008) , and the second from Şahin et al. (2013) . These instances were generated in such a way that each load occupies 51% to 60% of the capacity of the vehicle. In those conditions, Nowak et al. (2008) noticed that the savings related to split loads tend to be the greatest.
The first set contains three subsets of 15 instances each, with 75, 100 and 125 pickup and delivery pairs. In each instance, the pickups can occur in only five different locations, and each subset has a different number of delivery locations: 15, 20 and 25 delivery locations, respectively.
The second set was derived from the instances of Ropke and Pisinger (2006) . It contains four subsets of 12 instances each, with 50, 100, 250 and 500 pickup and delivery pairs. In this set, both pickup and delivery locations are randomly generated, such that coincident service locations are unlikely.
Both exact and heuristic approaches were developed in C++. ILS-PDSL was implemented using OptFrame (Coelho et al. 2011 ), a computational framework for the development of efficient heuristic algorithms for combinatorial optimization problems. Each test was executed on a single thread, the ILS-PDSL on an Intel Core 2 Quad 2.4 GHz with 4 GB of RAM, and the B&P on an Intel Core i7-3960X 3.3 GHz with 64 GB of RAM. We compare the performance of ILS-PDSL with that of the "TESA" algorithm of Nowak et al. (2008) , and the "TABU" search of Şahin et al. (2013) . Our computer is nearly identical to the one used in Şahin et al. (2013): an Intel Core 2 Quad 2.33 GHz with 3.46 GB of RAM. Moreover, the CPU time of Nowak et al. (2008) has been scaled in Şahin et al. (2013) to take into account the speed difference between their respective computers.
ILS-PDSL uses three main parameters: the strength of the perturbation operator p max , the range of insertions ∆ considered in the PairShift neighborhoods, and the stopping criterion T max .
The first two parameters have been calibrated in preliminary analysis, considering values of p max ∈ {1, . . . , 10} and ∆ ∈ {1, . . . , 10}, and the configuration p max = 3 and ∆ = 5 led to good results. Finally, the stopping criterion T max has been set to be identical to that of the TABU search of Şahin et al. (2013) , for each group of instances, in order to compare with previous authors in similar CPU time.
Depending on the instance set, previous authors have either reported results on a single run, or best results over multiple runs. Both measures tend to be influenced by the variance of the performance of an algorithm over different runs with different seeds. We thus opted to report the average solution quality over several runs, which is a better estimate of the average behavior of an algorithm. In the following, we will report solution values and their "Gap(%)" for each instance. Let z be the solution value of the proposed method, and z bks be the best known solution (BKS) ever found in previous literature for this instance (possibly over multiple runs, with different algorithms and parameter settings), then Gap(%) = 100 × (z − z bks )/z bks .
Metaheuristic -Performance evaluation on PDPSL instances
We first evaluate the performance of the ILS-PDSL. For this purpose, we establish a comparison with previous metaheuristics available in the literature, which were tested on PDPSL instances.
Instances from Nowak et al. (2008) . Nowak et al. (2008) and Şahin et al. (2013) reported the solution quality of their algorithms, TESA and TABU, based on one run per instance. To provide a reliable estimate of performance, we repeated our experiments 20 times with different random seeds, and report the average solutions on each instance. The best results are also indicated to establish bounds for future research. We adopted the same time limits as Şahin et al. (2013) From these experiments, ILS-PDSL appears to produce solutions of higher quality than the TESA and TABU algorithms, as it was able to find better average results on all 45 instances. The largest improvements occur on the largest data sets. Considering the average gaps, we observe negative values for every instance set (−0.85%, −1.51% and −2.65%), meaning that the average solution quality of ILS-PDSL is better than the BKS in the literature. Finally, considering the best results out of 20 runs, we observe large improvements of the BKS (3.41% overall), with new best solutions for all 45 instances.
We conducted a Friedman test comparing the solution values for each instance to validate the statistical significance of the results. This test led to a value p < 2.2 × 10 −16 , which indicates a significant difference of performance. We also performed pairwise Wilcoxon tests to locate these differences which, as reported in Table 4 , support the existence of significant differences between all three methods: ILS-PDSL is significantly better than TABU, which is in turn significantly better than TESA. experiments. In these tables, the solution quality of the best method is highlighted in boldface.
Since the best solution quality of TABU has been measured over multiple runs (20 or 5), the comparison is established with the best solution of ILS-PDSL over the same number of runs. When analyzing the tables, we observe that ILS-PDSL produces best solutions of higher quality than TABU (better than the BKS) on 47 instances out of 48. The significance of these improvements is again confirmed by a pairwise Wilcoxon test with a value p = 2.35 × 10 −13 . The magnitude of these improvements is also larger than on previous instances, with an improvement of 7.11% on average (comparing best solutions together), which seems to indicate that these instances with a wider diversity of possible pickup and delivery locations are more difficult to solve, and remain challenging for future works.
Metaheuristic -Sensitivity analysis
In order to examine the relative role of each component in the proposed heuristic, we started from the standard version of the algorithm and generated some alternative configurations by removing, in turn, a different neighborhood: W R -Base configuration without the RCSP insertion neighborhood. We note that the removal of the RCSP insertion neighborhood forces the algorithm to work on a classic pickup and delivery problem, without possible split moves.
The resulting algorithms have been all tested on the instances of Nowak et al. (2008) , performing five runs for each of the 45 data sets, and using the same termination criterion as in Section 6.1. Table 9 displays, for each variant of the algorithm, the average gap for each set of instances as well as the average gap overall (Avg). In this table, we observe that the Base configuration leads to the best overall gap (−1.82%), as well as the best average gaps on the 75-pairs and 100-pairs instances. Still, the best average gap on the 125-pairs instances is attributed to the W N 5 variant, without the BlockSwap neighborhood. This effect is possibly due to the variance of the solution quality of the algorithm on this relatively small sample of 15 instances, but it also demonstrates that some neighborhoods have a much larger impact than others. In decreasing order of importance, the most important neighborhood is the proposed RCSP insertion, followed by the PairSwap neighborhood, the BlockShift, PickShift and DelShift neighborhoods, and then the others. The RCSP insertion, in our context, is essential since it manages the optimization of the split loads.
The gaps obtained by all ILS-PDSL variants (on all runs) can also be better observed by means of box plots, as in Figure 4 . In these box plots, represented without the results of W R so as to enhance readability, we can observe the general superiority of the Base configuration. The removal of PairSwap (W N 1 ) has a large negative impact on the final solutions, followed by the removal of BlockShift (W N 6 ), the removal of PickShift and DelShift (W N 34 ), the removal of PairShift (W N 2 ) and the removal of BlockSwap (W N 5 ). Besides, the CPU time consumption dedicated to these neighborhoods is very small, hence our choice to maintain them in the Base algorithm.
Metaheuristic and exact -Multiple vehicles and distance constraints
As discussed in Sections 1 and 3, the absence of distance constraints in the classical benchmark instances leads to the use of a single vehicle. To investigate real MPDPSL test cases, we generated two sets of instances with distance constraints. The first set includes 40 small instances with 10 to 25 p-d pairs and a distance constraint L = 300. The second set extends the 45 medium-size instances from Nowak et al. (2008) with a distance constraint set to L = 1000. All instances are available at https://w1.cirrelt.ca/~vidalt/en/VRP-resources.html. The first set of instances allows to compare the results of the metaheuristic with some optimal solutions found by the B&P. Due to their larger size, the instances of the second set are only solved heuristically. Table 11 presents the results obtained on the first set. The first group of columns report the average and best solutions found by the ILS-PDSL over 20 runs as well as the percentage gap between these two values. A time limit of one minute was imposed for each run. The second group of columns reports the results of the B&P algorithm, considering a time limit of two hours.
When this limit is reached, the time is reported as "tl". From left to right, the columns indicate the root node relaxation value, the time needed for the root node resolution, the final lower and upper bounds, the total CPU time, the percentage gap between the LB and UB, and finally the number of nodes explored in the branch-and-bound tree. For a few instances, indicated with "-", the B&P could not complete the resolution of the root node within the time limit.
When the exact method can prove optimality, the upper bound value is underlined. Finally, note that the B&P receives the best solution of the ILS-PDSL as initial upper bound, therefore the columns UB is always smaller or equal to the best solution of the ILS-PDSL. In a few cases, the B&P found a better UB during the execution. These solutions are highlighted in boldface.
These results show that the B&P can solve instances of small and medium size. Out of the 40 instances of the first set, optimal solutions were found for 20 instances: for all instances with prohibitively high. In particular, the time limit of 2 hours was attained during the resolution of the root node on two instances with 25 p-d pairs. In the other cases, the B&P still manages to find decent-quality lower bounds, at most 14.7% away from the heuristic upper bound.
Considering the metaheuristic results, we observe that 18 out of the 20 known optimal solutions were found in at least one run. The average percentage deviation between the average and best solutions of ILS-PDSL, over the complete set of instances, amounts to 0.98%, therefore illustrating the good stability of the method. Similarly, the deviation between the average solutions and the lower bound found by the B&P method (eliminating instances 25-2 and 25-5) amounts to 4.65%. This guarantees a good proximity between the solutions of ILS-PDSL and the true optima, even if this estimate is naturally pessimistic due to the gap between the LB and the optima.
Tables 12-14 display the results of the metaheuristic for the second instance set, using the same time limits as in Section 6.1: the average solution in the 20 executions (Avg-20), the Table 11 : Results for the MPDPSL -Small instances ILS-PDSL time limit set to 1 minute per run, B&P time limit set to 2 hours average gap (Gap), the best solution in the 20 executions , and the standard deviation related to the gaps (Std Dev) for each instance. These results aim to provide a useful base for comparisons with new algorithms in the future. They also reflect the difficulty of the problems, since small deviations related to the best solutions are usually good indications of performance. From these experiments, we observe that the average gap remains moderate: 2.36% for the 75-pairs set, 2.03% for the 100-pairs set and 2.10% for the 125-pairs set. These values are sensibly higher than those of the single-vehicle experiments, with average gaps of 1.86%, 1.75% and 1.79%, respectively (when computed relatively to the best solutions of 20 runs). As such, the new MPDPSL instances appear to be more challenging, and would deserve further attention in the coming years. Finally, the solutions of these larger multi-vehicle instances with distance constraints, and their single-vehicle counterpart, contain a high proportion of split loads (55.69% and 58.52%, respectively), likely due to the fact that each p-d pair occupies between 51% to 60% of the truck capacity.
Conclusions
In this article, we have considered the multi-vehicle one-to-one pickup and delivery problem with split loads (MPDPSL). Because this problem combines pickups and deliveries with split deliveries, solving it is a challenging task. In particular, since the number of visits in a solution may grow exponentially with the instance size, no flow-based formulation with a polynomial number of variables can represent the problem. For local-search based heuristics, the sequencing and split deliveries decision subsets are also very interdependent, such that various neighborhoods must be designed to jointly modify some of these decisions.
To address these challenges, we proposed a branch-and-price method as well as a conceptually simple ILS, based on classic neighborhoods for pickup-and-delivery problems. Moreover, to efficiently manage the split deliveries, we introduced an exponential-sized neighborhood, which iteratively optimizes the pickup-and-delivery locations and splits for each service, and can be efficiently explored in pseudo-polynomial time. The performance of the proposed methods has been validated through extensive computational experiments. For the classical single-vehicle problem instances, our heuristic outperforms all existing algorithms in similar computational time, and finds new best known solutions for 92 out of 93 instances. We also proposed new multi-vehicle problem instances and solutions for future comparisons. For 20 instances, the branch-and-price algorithm could produce optimal solutions, and good-quality lower bounds were otherwise generated for the majority of small and medium instances. and polyhedral results may be essential to trigger new methodological progress.
